This study investigates the e¤ects of the market portfolio being unknown on the estimation of beta in the CAPM. We provide an analysis of the impact of using a proxy for the market portfolio when the market portfolio is known. This allows us to ask and answer "if what" questions, such as if portfolio A is the true market portfolio, what happens to beta if we use portfolio B as a proxy for A. We show that for a given universe of investible assets, frequently used equally weighted and value weighted portfolios are far from the Markowitz market portfolio and thus the betas calculated with the equally weighted and value weighted portfolios are quite di¤erent from those obtained with the Markowitz portfolio. These calculations are based on sequential assumptions that one portfolio is a proxy whilst another is the actual market.
Introduction
The purpose of this paper is to undertake a misspeci…cation analysis of the impact on asset beta of using a proxy for the market portfolio. It has been widely accepted since Roll's (1977) work that the market is not observable. However, the impact that this will have on the estimated asset betas has not been explored.
We carry out an analysis of the following form. Suppose, for example, that the market is some value weighted portfolio such as the S&P500. Then, what impact will there be on betas if we (mistakenly) use an equally weighted portfolio? Whilst this fails to solve the harder problems associated with the unknown market portfolio, our results do give us new insights.
In such an analysis, bias in beta will be determined by such considerations as the mean-variance (MV) e¢ciency of the proxy and the MV e¢ciency of the equity whose beta we are calculating. This separates our results from the conventional CAPM which requires the MV e¢ciency of the market but puts no restraints on the MV e¢ciency of the asset being priced.
In the next section, we consider two cases; the case where the means of the proxy and the market are equal (section 2.1), and the more general case where the means may di¤er (section 2.2). Section 3 is devoted to empirical calculation of the biases whilst conclusions follow in section 4.
The E¤ects of Ine¢cient Market Proxy on the Estimation of Beta

For Portfolios with the Same Expected Returns
Suppose that there are N risky assets whose returns are represented as a vector r where expected return and variance are represented as E(r) = ¹ and V ar(r) = §: An investor constructs a portfolio by choosing a vector w = (w 1 ; w 2 ; :::; w N )
0
, where w i is the proportion (weight) that the investor invests his wealth in asset i, so that e 0 w = 1 where e = (1; 1; ; ; 1) 0 : In what follows, p will be a proxy portfolio, p ¤ a mean-variance e¢cient portfolio, and q an arbitrary portfolio.
Consider a portfolio, p ¤ , which is on the e¢cient frontier. The rate of return on the portfolio is r p ¤ = w 0 p ¤ r, where w p ¤ is the appropriate weight vector. Then, means and variances of r p ¤ are given as
Then in the mean-variance world, the investor will choose the following weighting vector to minimise his risk (variance) for given expected return
where
and
B = e 0 § ¡1 ¹;
We next consider an arbitrary portfolio (i.e., the proxy portfolio), p, whose return is represented as r p = w 0 p r. Suppose that the expected return of the portfolio is the same as that of p ¤ ; where p ¤ is described in (1); that is,
Also note that if ¢ is orthogonal to w p ¤ ; we have
and thus w
In addition,
1 See any …nance textbook for a detailed explanation.
Consider another arbitrary portfolio corresponding to the priced asset, q, which is obtained with weight vector w q ; r q = w 0 q r. Then the covariances between portfolio q and p and the variance of p are
To see this we can show that the following is true
where the last equation comes from equation (6).
The beta obtained with two arbitrary portfolios which have the same expected return is misspeci…ed unless p is an e¢cient portfolio.
Theorem 1
The beta of portfolio q on the proxy portfolio p with the same expected return as the mean-variance e¢cient portfolio p 
Remark 1 If q is mean-variance e¢cient, then¯q ¢ = 0 since Cov(w 0 q r; ¢ 0 r) = ¢ 0 §w q = 0; and we have¯q
Note that µ is always positive if portfolio p is not e¢cient. We can think of two cases. The …rst case is¯q p ¤ >¯q ¢ : In this case,¯q p ¤ >¯q p >¯q ¢ and¯q p is biased downwards. This result implies that if we use an ine¢cient market proxy whose expected return is the same as that of the market in testing the CAPM, the beta obtained using the market proxy is always less than it should be. Therefore, in the risk-return relationship in the tests of the CAPM, for the calculated risk (i.e.,¯q p ), returns appear to be rewarded more than they should be. The second case is¯q p ¤ <¯q ¢ : Here,¯q p is biased upwards since we have¯q p ¤ <¯q p <¯q ¢ : In this case, the beta obtained using the ine¢cient market proxy is larger than it should be and returns appear to be rewarded less than they should be. The question on the misspeci…cation of the estimated beta with an ine¢cient market proxy can be answered empirically if certain assumptions are made.
We now turn to speci…c examples. Suppose that p ¤ is the Markowitz portfolio with the weighting vector w p ¤ ,
and p is (a) an equally-weighted portfolio (w i = 
V ar(r p e ) = 1 N 2 e 0 §e;
Thus
From the above, it is clear when we use an equally weighted portfolio instead of the Markowitz portfolio, our beta will be misspeci…ed unless µ e is very close to zero. However, we do not know the magnitude of this bias.
Example 2 On the other hand, if p is a value weighted portfolio, p v , and p ¤ is the Markowitz portfolio, we have
Therefore, unless w p v = w p ¤ , we have µ v > 0 and the beta calculated with the value weighted portfolio (market proxy) will be misspeci…ed by an amount involving µ v and¯q ¢ .
Analysis for Portfolios with Di¤erent Expected Returns
Using portfolios with the same expected returns, we may calculate misspeci…cation from using the ine¢cient market proxy as in the above. However, in practice this is a cumbersome constraint. In this subsection, we generalised the above analysis for portfolios with di¤erent expected returns. We use the same settings and notations unless they are explained di¤er-ently; let p ¤ be an e¢cient portfolio and p and q are arbitrary portfolios, i.e., market proxy and priced portfolios, respectively. Note that the expected returns of these three portfolios may be di¤erent. Again let
and we have
The covariance of portfolios p and q is the same as equation (8). However, the variance of portfolio p is
Using the above covariance, we can derive the beta of an arbitrary portfolio q against an arbitrary portfolio p. The following theorem shows that the beta is always misspeci…ed unless the portfolio p is e¢cient, i.e., ¢ = 0 and thus
Theorem 2 The beta of portfolio q on the portfolio p with di¤erent expected returns is¯q
Proof The beta of portfolio q on portfolio p is
Remark 2 If q is mean-variance e¢cient, then¯q ¢ = 0. In this case we have¯q p =¯q p ¤ 1 1 + µ + ± which represents the beta of e¢cient portfolio q on an arbitrary portfolio p. Note that if p and q are e¢cient portfolios and p = p
Again if p is ine¢cient, then µ is always positive, but ± may be positive or negative. Equations (10) and (17) suggest that ± is an adjustment factor for di¤erent expected means between portfolios. Since the sum of is not equal to one,¯q p is not a weighted average of¯q p ¤ and¯q ¢ : In addition, since ± may be any number, we cannot say¯q p is misspeci…ed upwards or downwards.
As in the previous subsection, suppose that p ¤ is the Markowitz portfolio with the weighting vector w p ¤ and p is an equally-weighted portfolio (w i = 1 N for all i), or a value-weighted portfolio. Let us …rst investigate the case of an equally weighted portfolio.
Example 3 When p is an equally-weighted portfolio, p e , µ e is equivalent to (14) . Note that
Example 4 On the other hand, if p is a value weighted portfolio, p v , we have
we have ± v 6 = 0 and the beta calculated with the value weighted portfolio (market proxy) will be misspeci…ed.
Empirical Tests
In this study we use both equally weighted and value weighted market portfolios to investigate the e¤ects of using proxy market portfolios on the calculation of beta. The empirical tests in this study assume that there are only a …nite number of known assets so that we can make equally weighted, value weighted, and Markowitz market portfolios from the same universe of assets.
For the universe of assets, we consider two examples. We use 420 equities included in the S&P500 index and 220 equities in the FTSE350 at 23 May 2000, which are available to us for our sample period. Monthly log-returns for these equities are calculated from May 1990 to April 2000. For the riskless returns, we use three month US and UK Treasury Bills, respectively.
The rates of return on the riskless asset are not constant over time and de ‡ated excess returns are calculated as follows; the observed excess rates of return on the individual equities de ‡ated by unity plus the riskless interest rates, R it = (r it ¡r f t )=(1+r f t ). Excess rates of return on the market portfolio are also de ‡ated in the same way. This is a method to make moments of the rate of returns intertemporal constants under a changing riskless interest rate (see Fama, 1970) . Under certain circumstances, it allows us to use one period models for time-series data.
To reduce measurement errors in beta, risk asset portfolios are formed for each country with a grouping procedure similar to the procedures used by Black, Jensen, and Scholes (1972) . First, we calculate beta using 5 years monthly de ‡ated excess returns of the individual assets against monthly de‡ated excess returns of the equally weighted market portfolio.
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Then stocks are ranked into deciles (10 groups) on the basis of beta estimates, and thus, the number of risk portfolios is 10: Using this method, we have 42 equities in a S&P500 risk portfolio and 22 equities in a FTSE350 risk portfolio, respectively. The subsequent 12 months de ‡ated excess returns for the risk portfolios are calculated for each group. This procedure is repeated for the entire sample period beginning each May. This provides 60 monthly de ‡ated excess returns from May 1995 to April 2000 for each of the risk portfolios.
All our subsequent calculations on beta are carried out with the risk portfolios above. That is, betas, expected returns, value weights, etc., in the following are calculated for the risk portfolios obtained with a proxy market portfolio (i.e., the equally weighted portfolio), not for individual equities. Thus for di¤erent proxy market portfolios, the components of the risk portfolios can change. Using the risk portfolios is not only to reduce measurement error but also to avoid complicated calculation involving the inversion of large variance-covariance matrices of equity returns.
For the ten risk portfolios, we …rst investigate the e¤ects of various proxy market portfolios on the estimates of beta. We use S&P100, S&P500, RUS-SEL1000, RUSSEL2000, RUSSEL3000, Dow-Jones America as the proxy market portfolio for the S&P500 risk portfolios, and FT30, FT100, FT350, FT-All Share for the proxy market portfolio for the FTSE350 risk portfolios.
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We also use FTSE-World, Dow-Jones World, and MSCI World index total return for both the S&P500 and FTSE350 risk portfolios. Table 1 reports expected returns and betas for the ten risk portfolios with di¤erent proxy market portfolios. As expected, for the domestic market portfolios such as RUSSEL1000 (US) and S&P100 (UK), the means of the individual equity betas are close to 1, see the next to the last column of table 1. On the other hand, when the world market portfolios are used, the means of the individual equity betas are far less than one and lie between 0.72 and 0.8. The di¤erence in beta between these market portfolios comes from the lower correlation of the domestic market with the world market.
We next investigate the risk and return relationship for the ten risk portfolios for the given proxy market portfolios. For the sample period, the US market shows a linear relationship between risk and return; when the beta 2 The value weighted portfolio can be used to calculate beta and group equities according to the obtained beta. However, we believe that the results are similar to those reported in tables 2 to 4. The expected returns and betas calculated with the value weighted porto ‡io can be referred to of an risk portfolio is low (high), expected returns of the risk portfolio are also low (high). However, this does not seem to be true for the other cases such as US risk portfolios with the world market portfolios, UK risk portfolios with the UK market portfolios, and UK risk portfolios with the world market portfolios. In particular, the risk-return relation does not seem to hold in the UK market; many correlation coe¢cients are negative or close to zero.
Our second empirical tests investigate how far the betas calculated with equally weighted and value weighted market portfolios are di¤erent from those with the Markowitz portfolio, which we exampi…ed in the previous section. Again we use the same ten risk portfolios as described above.
From now on, we assume that there are only 10 risk portfolios in the market. Such a procedure of analysing a large universe of stocks is standard in the …nance literature, see Black, Jensen, and Scholes (1972) , Fama and MacBeth (1973) , and Kraus and Litzenberger (1976) , for example. The Markowitz portfolio in this market can be composed by applying the weight vector in (13) to the ten risk portfolios, and equally weighted and value weighted portfolio can also be obtained with appropriate weight vectors. Table 2 reports some properties of the 10 risk portfolios with the weights on the portfolios. Panel A of table 2 shows that Markowitz weights (w p M ) are quite di¤erent from value weights (w p v ) and also equal weights (w p e , i.e., w p e = ( 0:1 ; :::; 0:1 ) 0 ). Note that in many cases, the weights are negative, representing short sale which may not be allowed in practice. Panel B shows expected return and standard error of returns and correlation matrix of the three market portfolios. Interestingly, for the S&P500 risk portfolios, risk (standard error) increases as expected return increases, whilst for the FTSE350 risk portfolios, this is not true. Mean-variance analysis suggests that the Markowitz porto ‡io is always preferred to the other portfolios in the UK market. The di¤erence between the equally weighted market portfolio and value weighted market portfolio is marginal in both the US and the UK. This small di¤erence can also be detected in the correlation matrix. The correlation coe¢cient between these two portfolios is very close to 1. On the other hand, these portfolios are not highly correlated with the Markowitz portfolio; the correlation coe¢cients are between 0.3 and 0.5.
We now investigate if there is any bias in estimated beta from using the equally weighted or value weighted portfolio. For each risk portfolio (q) in panel A of table 2, we consider the following three cases; 1) the equally weighted portfolio is used for the proxy market portfolio (p), but the true market portfolio is the Markowitz portfolio (p ¤ ) (table 3), 2) the value weighted portfolio is used for the proxy market portfolio (p), but the true market portfolio is the Markowitz portfolio (p ¤ ) (table 4), and …nally 3) the equally weighted portfolio is used for the proxy market portfolio (p), but the true market portfolio is the value weighted portfolio (p ¤ ) (table 5) . We do not include the three other possible cases to spare the reader from excessive tables and results.
Tables 3 to 5 report the results. Our estimates in tables 3 to 5 can be summarised with equation (17) is not trivial and¯q ¢ a¤ects the estimates of¯q p as in equation (17). In addition, the values of µ and ± in cases 1 and 2 are similar such that the equally weighted and value weighted proxy portfolios result in similar misspeci…cation in betas against the true Markowitz portfolio.
Tables 3 to 5 also suggest that in many cases, most of the estimates of¯q ¢ are signi…cantly large and positive. The di¤erence portfolio ¢ is not trivial. This means that portfolio q is not mean-variance e¢cient, see Remark 2.
As explained above, for the S&P500 risk portfolios, there seems to be a risk-return relationship when the equally weighted and value weighted market portfolios are used as the (assumed true) market portfolio, whilst for the FTSE350 risk portfolios, we do not …nd a relationship between risk and return; see the last column of tables 3 to 5.
When the Markowitz portfolio is used as the (assumed true) market portfolio for the risk portfolios (see tables 3 and 4), the correlation coe¢cients are one, since in the mean-variance world, risk and return are linear. Intestingly, in this case, estimated betas are all less than those calculated with the equally weighted and value weighted portfolios; i.e.,¯q p >¯q p ¤ . In addition, the correlation coe¢cients between expected return and¯q ¢ are all large and negative for all four cases, suggesting systematic bias in the estimation of the beta when we use the equally weighted and value weighted market portfolios.
In most cases, for a risk portfolio, betas on the value weighted portfolio are larger than those on the equally weighted portfolio. When we represented p e for equally weighted portfolio and p v for value weighted portfolio, our empirical results suggest¯q p v >¯q p e >¯q p ¤ with few exceptions. Note that the proxy market portfolios in table 1 are value weighted portfolios and thus may result in larger estimates of beta when the true market portfolio is the Markowitz portfolio. However, the di¤erence between¯q p v and¯q p e is marginal and in most cases indistinguishable. In addition, the values of ± are always negative in our empirical results. In particular, ± is not large enough to make 1 + µ + ± negative. That is, 1 + µ > ¡±: The adjustment factors do not change signi…cantly for the four cases in tables 3 and 4. Table 5 shows some possible deviation of beta when the equally weighted portfolio is used as the market portfolio instead of the value weighted portfolio. The di¤erence between them seems to be marginal; betas on the risk portfolio are similar. This is because the two adjustment factors are close to zero. Tables 1 to 4 indicate that the equally weighted portfolio or value weighted portfolios may provide larger systematic risk. The true beta calculated with the true market portfolio may be much smaller than we generally obtain with the market portfolio. The exaggerated beta may require higher return, or may make investors seem to be less risk averse. In addition, table 5 suggests that there is actually no di¤erence in the estimated beta between the equally weighted portfolio and the value weighted portfolio as a proxy market portfolio.
Conclusions
In this study we showed that a proxy market portfolio, which here is the equally weighted or value weighted portfolio and is not on the e¢cient frontier, can provide a relatively larger beta than the Markowitz portfolio. However, we do not …nd any signi…cant di¤erence between equally weighted portfolio and value weighted portfolio when one is the proxy market portfolio and the other is the market, whichever way round we proceed.
Our study has allowed us to answer certain questions. Theoretical considerations imply that the aggregate demand portfolio in a CAPM should be value weighted whilst two fund money separation implies that the market portfolio is the Markowitz portfolio. We can analyse the "what-if" situation whereby we assume the market is one of those and let the other be the proxy.
The unsuprising conclusion is that value and equal weighted portfolios are proxies for each, neither are proxies for the Markowitz portfolio, at least not for the universe of assets and time periods considered in this paper.
Table 1 The Estimates of Beta on Various Market Portfolios
Market
No of Expected Excess Returns Beta Black, Jensen, and Scholes (1972) and the number of observations used to calculate expected excess returns and betas is 60 observations less than the total observations, which is represented in 'No of Obs'. For the calculation of beta, all returns are deflated as in Fama (1970) . RUSSEL1*, RUSSEL2* and RUSSEL3* are RUSSEL1000, RUSSEL2000 and RUSSEL3000 price index returns, respectively, whilst for the other markets, total returns are used. 'Mean of Individual Equity Betas' represents the averaged value of individual equity betas on the market portfolio. We use 420 equities included in the S&P500 index and 220 equities included in the FTSE350 index. For each equity, monthly log-returns are calculated from May 1990 to April 2000. The ten risk portfolios are obtained with the same grouping method as in Black, Jensen, and Scholes (1972) . Note that the first 60 monthly observations are used to estimate the CAPM, and thus each of the the risk portfolio returns above consists of 60 observations from May 1995 to April 2000. See section 3 for a detailed explanation on the grouping method. We use 420 equities included in the S&P500 index and 220 equities included in the FTSE350 index. For each equity, monthly log-returns are calculated from May 1990 to April 2000. The ten risk portfolios are obtained with the same grouping method as in Black, Jensen, and Scholes (1972) . Note that the first 60 monthly observations are used to estimate the CAPM, and thus each of the the risk portfolio returns above consists of 60 observations from May 1995 to April 2000. See section 3 for a detailed explanation on the grouping method. p* represents the "true" market portfolio, and p represents the proxy market portfolio. We use 420 equities included in the S&P500 index and 220 equities included in the FTSE350 index. For each equity, monthly log-returns are calculated from May 1990 to April 2000. The ten risk portfolios are obtained with the same grouping method as in Black, Jensen, and Scholes (1972) . Note that the first 60 monthly observations are used to estimate the CAPM, and thus each of the the risk portfolio returns above consists of 60 observations from May 1995 to April 2000. See section 3 for a detailed explanation on the grouping method. p* represents the "true" market portfolio, and p represents the proxy market portfolio. We use 420 equities included in the S&P500 index and 220 equities included in the FTSE350 index. For each equity, monthly log-returns are calculated from May 1990 to April 2000. The ten risk portfolios are obtained with the same grouping method as in Black, Jensen, and Scholes (1972) . Note that the first 60 monthly observations are used to estimate the CAPM, and thus each of the the risk portfolio returns above consists of 60 observations from May 1995 to April 2000. See section 3 for a detailed explanation on the grouping method. p* represents the "true" market portfolio, and p represents the proxy market portfolio.
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